Abstract Let φ : Γ → Γ be an automorphism of a group Γ. We say that x, y ∈ Γ are in the same φ-twisted conjugacy class and write x ∼ φ y if there exists an element γ ∈ Γ such that y = γxφ(γ −1 ). This is an equivalence relation on Γ and is called the φ-twisted conjugacy. Let R(φ) denote the number of φ-twisted conjugacy classes in Γ. If R(φ) is infinite for all φ ∈ Aut(Γ), we say that Γ has the R ∞ -property. The purpose of this note is to show that the Richard Thompson group T has the R ∞ property.
Introduction
Let Γ be a group and let φ : Γ → Γ be an endomorphism. Then φ determines an action Φ of Γ on itself where, for γ ∈ Γ and x ∈ Γ, we have Φ γ (x) = γxφ(γ −1 ). The orbits of this action are called the φ-twisted conjugacy classes. Note that when φ is the identity automorphism, the orbits are the usual conjugacy classes of Γ. We denote by R(φ) the set of all φ-twisted conjugacy classes and by R(φ) the cardinality #R(φ) of R(φ). We say that Γ has the R ∞ -property if R(φ) = ∞, that is if R(φ) is infinite, for every automorphism φ of Γ.
The problem of determining which groups have the R ∞ -propertymore briefly the R ∞ -problem-has attracted the attention of many researchers after it was discovered that all non-elementary Gromovhyperbolic groups have the R ∞ -property. See [10] and [7] . It is particularly interesting when the group in question is finitely generated or countable. The notion of twisted conjugacy arises naturally in fixed point theory, representation theory, algebraic geometry and number theory. In the recent years the R ∞ -problem has emerged as an active research area. The problem is particularly interesting because there does not seem to be a uniform approach to its resolution. A variety of techniques and ad hoc arguments from several branches of mathematics have been used in the solve this problem depending on the group under consideration. These include (but not restricted to) combinatorial group theory, geometric group theory, homological algebra, C * -algebras, and algebraic groups.
Recall that Richard Thompson introduced three groups F, T, and V in 1965 in an unpublished hand-written manuscript. The group T is the first example of a finitely presented infinite simple group. In this note we give an elementary proof that T is an R ∞ -group. Theorem 1.1. The Richard Thompson group T has the R ∞ -property.
We shall describe the groups F and T more fully in §2, leaving out V . We prove the above theorem in §3. The groups F and T have been generalized by K. S. Brown [4] to obtain families of finitely presented groups F n,∞ , F n , T n,r , n ≥ 2, r ≥ 1 where F = F 2 = F 2,∞ and T = T 2,1 . Denoting any one of them by F n the group F n,∞ is isomorphic to a certain subgroup of F n of index n − 1. Furthermore F n,r is a subgroup of T n,r .
The group V has been generalized by G. Higman [9] to obtain an infinite family of finitely presented groups. But we shall not consider them in this paper.
The R ∞ -property for F was shown by Bleak, Fel'shtyn and Gonçalves [1] . It has been established by Gonçalves and Kochloukova [8, Corollary 4.2] that the groups F n,∞ have the R ∞ -property. In the last section we make a few comments about the R ∞ -property for the groups F n and T n,r .
After this paper was submitted, Collin Bleak had brought our attention to the paper [5] of Burillo, Matucci and Ventura where it is shown, among other things, that T has the R ∞ -property. (They also obtain a new proof of the R ∞ -property for the group F .) Their proof and the proof given here are based on the same idea of constructing elements with specified number of components of fixed point sets. We hope that Lemmas 3.4 and 3.5 which were used in our proof may be useful in other contexts as well.
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Richard Thompson's groups F and T
In this section we give a description of Thompson groups F and T . The group F consists of all piecewise linear (PL) homeomorphisms of [0, 1] with at most a finite set of break points (i.e., points of nondifferentiability) which are contained in the dyadic rationals Z[1/2] and having slopes (at points of differentiability) in the multiplicative group 2 = {2 n | n ∈ Z}. Note that elements of F are orientation preserving. It is known that the group F is generated by two elements A and B defined as follows:
and
The group T consists of all PL-homeomorphisms of the circles S 1 = I/{0, 1} which have at most a finite set of break-points contained in Z[1/2] and having slopes contained in 2 . Again the elements of T preserve the orientation.
Any homeomorphism of [0, 1] induces a homeomorphism of S 1 and this allows us to view F as a subgroup of T . One has an element C in T which is defined as
It is understood that in the above definition x is read modulo 1. It is known that T is generated by the elements A, B, C with six relations. Although we will have no need for it here, we list below the relations in the said presentation for the sake of completeness: (Note that the first two are the same as the defining relations of F .) See [6] for details.
Our proof of Theorem 1.1 will crucially make use of the following result of Brin [2] . It is easily seen that the reflection map r defined as
We denote by the same symbol ρ the restriction ρ| F ∈ Aut(F ).
(ii) The group of inner automorphisms of T is of index two in Aut(T ) and the quotient group Out(T ) is generated by ρ.
Proof of Theorem 1.1
Let Γ be a group and let φ ∈ Aut(Γ). For γ ∈ Γ, denote by ι γ the inner automorphism x → γxγ −1 , x ∈ Γ. We first observe that R(φ) = R(φ • ι γ ). In fact y = zxφ(ι γ (z −1 )) if and only if y.φ(γ) = z(xφ(γ))φ(z −1 ). Thus elements of R(φ • ι γ ) are translation on the left by φ(γ) of the elements of R(φ). In view of this, to show that Γ is an R ∞ -group, it suffices to show that R(φ) = ∞ for a set of coset representatives of Out(Γ). In the case Γ = T , in view of Theorem 2.1 due to Brin, we need only show that R(ρ) = ∞ and R(id) = ∞. The latter equality is established in Proposition 3.3 as an easy consequence of Lemma 3.2 below. Definition 3.1. Let X be a Hausdorff topological space.
is the number of connected components of supp(f ) if it is finite, otherwise σ(f ) = ∞. The
Proof. This follows from Lemma 3.2 on observing that F has elements f with σ(f ) any arbitrary prescribed positive integer. Since F ⊂ T , the same is true of T as well.
We need the following lemma. If θ is an endomorphism of a group Γ we denote by Fix(θ) the fixed subgroup {x ∈ Γ | θ(x) = x} of Γ.
Lemma 3.4. Let Γ be a group and let θ ∈ Aut(Γ). Suppose that θ n = ι γ . Suppose that {x n γ | x ∈ F ix(θ)} is not contained in the union of finitely many conjugacy classes of Γ. Then R(θ) = ∞.
Proof. Let x ∼ θ y in Γ where x, y ∈ Fix(θ). Thus there exists an z ∈ Γ such that y = z −1 xθ(z). Applying θ i both sides, we obtain y = θ i (z −1 )xθ i+1 (z) as x, y ∈ Fix(θ). Multiplying these equations successively for 0 ≤ i < n and using θ n = ι γ , we obtain
That is, y n ∼ ιγ x n . Equivalently y n γ and x n γ are in the same conjugacy classes of Γ. Our hypothesis says that there are infinitely many elements x k ∈ Fix(θ), k ≥ 1, such that the x n k γ are in pairwise distinct ι γ -conjugacy classes of Γ. Hence we conclude that R(θ) = ∞.
We remark that when θ ∈ Aut(Γ) of order n, we may take γ to be the identity. Therefore R(θ) = ∞ when {x n ∈ Γ | θ(x) = x} ⊂ Γ is not contained in the union of finitely many conjugacy classes of Γ. This observation leads to the following. Lemma 3.5. Let θ ∈ Aut(Γ) be of order n < ∞. Suppose that the set T ⊂ N of orders of torsion elements of Fix(θ) is unbounded. Then R(θ) = ∞.
Proof. Our hypothesis on T implies that the {o(x n ) | x ∈ Fix(θ)} ⊂ N is unbounded. Therefore elements of {x n | x ∈ Fix(θ)} represent infinitely many distinct conjugacy classes of Γ. By Lemma 3.4 we conclude that R(θ) = ∞.
Lemma 3.6. Suppose that h : R → R is an orientation preserving homeomorphism. Then supp(h) = supp(h k ) for any non-zero integer k.
Proof. Since supp(h) = supp(h −1 ) we may assume that k > 0. Since h is orientation preserving, it is order preserving. Suppose that x ∈ supp(h) so that h(x) = x. Say, x < h(x). Then applying h to the inequality we obtain h(x) < h 2 (x) so that x < h(x) < h 2 (x). Repeating this argument yields x < h(x) < · · · < h k (x) and so x ∈ supp(h k ). The case when x > h(x) is analogous. Thus supp(h) ⊂ supp(h k ). On the other hand, if x / ∈ supp(h), then h(x) = x and so h k (x) = x for all k. Therefore equality should hold, completing the proof.
We are now ready to prove our main theorem. Proof of Theorem 1.1: By Theorem 2.1(ii), Out(T ) ∼ = Z/2Z generated by ρ. By Proposition 3.3, R(id) = ∞. It only remains to verify that R(ρ) = ∞. We apply Lemma 3.4 with θ = ρ, n = 2, γ = 1. It remains to show that Fix(ρ) has infinitely many elements h such that h 2 are pairwise non-conjugate.
Let k ≥ 1. Let f k ∈ F ⊂ T be such that supp(f k ) ⊂ (0, 1/2) and has exactly k components. Thus, σ(f k ) = k. (It is easy to construct such an element.) Then supp(ρ(f k )) = supp(
) and so σ(h k ) = 2k. Moreover, since ρ 2 = 1, we see that h k ∈ F ix(ρ). By Lemma 3.6, we have σ(h 2 k ) = σ(h k ) = 2k. It follows that h 2 k are pairwise non-conjugate in T , completing the proof. .
Generalized Thompson groups
The group F has been generalized to yield two families of groups F n,∞ , F n , n ≥ 2, and the group T likewise has been generalized to a family of groups T n,r , n ≥ 2, r ≥ 1, where F ∼ = F 2 = F 2,∞ and T = T 2,1 . One has inclusions F n,∞ ⊂ F n ⊂ T n,r for all n ≥ 2, r ≥ 1. Let Γ be any one of the groups F n,∞ , F n , T n,r . Then Γ is realized as a group of homeomorphisms of R or S 1 = R/rZ according as Γ = F n,∞ , F n or Γ = T n,r respectively. More precisely, one has the following description given in [3, Proposition 2.2.6]. The group F n is the group of all orientation preserving PL-homeomorphisms of R having only finitely many break points (that is, points of non-differentiability) such that (i) the break-points are all in Z[1/n], (ii) the slopes at smooth points are all in the set {n k |k ∈ Z} =: n , (iii) they map the set Z[1/n] into itself, and, (iv) they are translations by integers near −∞ and ∞. (For the last condition, see Definition 4.1 below.) The group F n,∞ is the subgroup of F n which consists of those homeomorphisms f ∈ F n which maps ∆ n into itself where ∆ n is the kernel of the unique surjective ring homomorphism Z[1/n] → Z/(n−1)Z. The group T n,r ⊂ Homeo(R/rZ) consists of those elements which are orientation preserving and lift to PL-homeomorphisms of R satisfying conditions (i) to (iii) above.
It turns out that F ∼ = F 2 = F 2,∞ and T ∼ = T 2,1 . The groups F n,∞ , F n and T n,r are referred to as the generalized Thompson groups. See [3] for a detailed study of these groups and their automorphism groups.
Brin and Guzmán also introduced a family of groups F n,j , n ≥ 2, j ∈ Z each of which is isomorphic to F n,∞ . See [3, Lemma 2.1.6 and Corollary 2.3.1.1]. Gonçalves and Kochloukova [8] have shown, using the theory of Σ-invariants in homological algebra, that the groups F n,0 , n ≥ 2, and hence F n,∞ , have the R ∞ -property. In this section we show that if θ ∈ Aut(F n ) represents a torsion element in the outer automorphism group, then R(θ) = ∞.
It was observed by Brin and Guzmán, using a deep result of McCleary and Rubin [11] , that every automorphism of a generalized Thompson group is given by conjugation by a homeomorphism of R or the circle S 1 . (Such a homeomorphism is not, in general, a PL-homeomorphism!) Invoking this result, our proof of Proposition 3.3 applies equally well to the generalized Thompson groups showing that they have infinitely many conjugacy classes. Definition 4.1. Let γ be a PL-homeomorphism of R with finitely many break points. Suppose that γ(t) = at + b for t > 0 large. We call a ∈ R the slope at ∞ and b ∈ R the translation at ∞ and denote them by λ(γ) and τ (γ) respectively.
We note that λ is constant on conjugacy classes of the group of all PL-homeomorphisms of R with finitely many break points. If z, h, h are such homeomorphisms and if λ(h) = 1 = λ(h ), then τ (hh ) = τ (h) + τ (h ) and τ (zhz −1 ) = λ(z).τ (h) as may be verified easily. By the description of F n given above, τ (γ) ∈ Z and λ(γ) = 1 if γ ∈ F n . Moreover, τ (γ) ∈ (n − 1)Z if γ ∈ F n,∞ . 
Therefore, setting g := γ −1 f m ∈ Homeo(R) and ghg −1 = h for all h ∈ Γ. We claim that g = 1. To see this, assume that g = 1 and choose an interval U ⊂ R such that g(U ) ∩ U = ∅. Now let h ∈ Γ be any non-trivial element supported in U . Then ghg −1 is supported in g(U ). This shows that ghg −1 = h, a contradiction. Hence we conclude that g = 1 and so γ = f m . In particular γ k ∈ Fix(θ) for all k ∈ Z. We may assume that γ = 1. (Otherwise f ∈ Homeo(R) has order m. Hence m = 2, θ(p) = p for some p ∈ R and θ interchanges the intervals (−∞, p) and (p, ∞). We proceed as in the proof of Theorem 1.1 to see that R(θ) = ∞.)
Since f m = γ ∈ Γ and γ = 1, we have that supp(f ) = supp(γ) equals R or is a union of finitely many open intervals. In particular σ(γ) < ∞.
If supp(f ) is not dense, we merely choose elements γ k ∈ Γ such that supp(γ k ) has exactly k components and supp(f ) ∩ supp(γ k ) = ∅ for all k ≥ 1. Then θ(γ k ) = γ k and σ(γ k .γ) = k + σ(γ) for all k. It follows that {γ k .γ} k≥1 are in pairwise distinct conjugacy classes.
So assume that supp(f ) = supp(γ) is dense. As remarked above, any element of Γ has slope at ∞ equals 1 and translation at infinity an integer, say, b. So we have γ(t) = t + b for t > 0 large. Since supp(γ) is dense, we have b = 0.
Suppose that γ r = zγ s z −1 for some z ∈ Γ where r, s are non-zero integers. Applying τ we obtain rb = λ(z).sb = sb as λ(z) = 1. Hence r = s. This shows that the elements of {γ mk+1 | k ∈ N} are in pairwise distinct conjugacy classes of Γ. By Lemma 3.4 we conclude that R(θ) = ∞. Remarks 4.3. (i) In the case of the generalized Thompson groups T n,r , suppose that θ ∈ Aut(T n,r ) represents a torsion element, say of order m, in Out(T n,r ) and that θ(x) = f xf −1 with f ∈ Homeo(R/rZ). Suppose f m = γ ∈ T n,r . If γ = 1 our method of proof of Theorem 1.1 can be applied to show that R(θ) = ∞. However, when γ = 1, it is not clear to us how to find elements of Fix(θ) satisfying the hypotheses of Lemma 3.4.
(ii) Our approach yields no information about automorphisms which represent non-torsion elements in the outer automorphism group.
